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Abstract 

By proving an L 2 -gradient estimate for the corresponding Galerkin approxima- 
tions, the log-Harnack inequality is established for the semigroup associated to a 
class of stochastic Burgers equations. As applications, we derive the strong Feller 
property of the semigroup, the irreducibility of the solution, the entropy-cost in- 
equality for the adjoint semigroup, and entropy upper bounds of the transition 
density. 
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1 Introduction 

Let T = R/ (2ttZ) be equipped with the usual Riemannian metric, and let d8 denote the 
Lebesgue measure on T. Then 

H := jx G L 2 (d9) : J x(6)d9 = J 

is a separable real Hilbert space with inner product and norm 
*Supported in part by WIMCS and NNSFC(10721091). 
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(x,y):= [ x(9)y(9)d0, \\x\\; = (x, x) 1 ' 2 . 

JT 

For x G C 2 (T), the Laplacian operator A is given by Ax = x" . Let (A, 0(A)) be the 
closure of (—A, C 2 (Y) ni) in H, which is a positively definite self-adjoint operator on EL 
Then 

V := @(A 1/2 ), (x,y) v := (A^x, A l ' 2 y) 

gives rise to a Hilbert space, which is densely and compactly embedded in EL By the 
integration by parts formula, for any x G C 2 (T) we have 

\\x\\ 2 v := WA^xW 2 == [ (xAx)(6)d6 = [ \x'(6)\ 2 d6. 

JT JT 

Moreover, for i,t/G C 1 (T) D H, set B(x, y) := xy'. Then B extends to a unique bounded 
bilinear operator B : V x V — > HI with (see Proposition 12. II below) 

(1.1) \\B\\ v ^ m := sup \\B(x,y)\\ < y/n. 

\\x\\v,\\y\\v<i 

Consider the following stochastic Burgers equation 

(1.2) dX t = -{vAX t + B(X t )}dt + QdW t , 

where v > is a constant, B(x) := B(x,x) for x G V, Q is a Hilbert-Schmidt operator 
on H, and W t is the cylindrical Brownian motion on EL According to to [U Chapter 5] 
(see also [HI Theorem 14.2.4]), for any x G EI, this equation has a unique solution with the 
initial Xq = x, which is a continuous Markov process on EI and is denoted by Xf from 
now on. If moreover x G V, then Xf is a continuous process on V (see Proposition 12.31 
below). We are concerned with the associated Markov semigroup P t given by 

P t f(x):=Ef(X?), i6H,i>0 

for / G &§b(M), the set of all bounded measurable functions on EI. 

The purpose of this paper is to investigate regularity properties of P t , such as strong 
Feller property, heat kernel upper bounds, contractivity properties, and entropy-cost in- 
equalities. To do this, a powerful tool is the dimension- free Harnack inequality introduced 
in [13] for diffuions on Riemannian manifolds (see also [H[2] for further development). In 
recent years, this inequality has been established and applied intensively in the study 
of SPDEs (see e.g. pUl US, El [TJ El CZ] and references within). In general, this type of 
Harnack inequality can be formulated as 

(1-3) (P t f) a {x)<{P t f a )(y)exp[C a (t,x,y)}, f > 0, 
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where a > 1 is a constant, C a is a positive function on (0, oo) x H 2 with C a (t, x,x) = 0, 
which is determined by the underlying stochastic equation. 

On the other hand, in some cases this kind of Harnack inequality is not available, so 
that the following weaker version (i.e. the log-Harnack inequality) 



(1.4) P* log /(X) <logP t f(y) + C(t,x,y), f>l 

becomes an alternative tool in the study. In general, according to [16], Section 2], (11.41) is 
the limit version of (11. 3D as a — > oo. This inequality has been established in [TT] and [T6j . 
respectively, for semi-linear SPDEs with multiplicative noise and the Neumann semigroup 
on non-convex manifolds. 

As for the stochastic Burgers equation (jl.2p . by using A 1+a for a > | to replace A 
(i.e. the hyperdissipative equation is concerned), the first and the third named authors 
established an explicit Harnack inequality of type (jl.3p in [18], where a more general 
framework, which includes also the stochastic hyperdissipative Navier-Stokes equations, 
was considered. But, when a < |, the known arguments (i.e. the coupling argument and 
gradient estimate) to prove (11.31) are no longer valid. Therefore, in this paper we turn to 
investigate the log-Harnack inequality for P t associated to (II. 2p . which also provides some 
important regularity properties of the semigroup (see Corollary 11.21 below). Note that 
the stochastic Burgers equation does not satisfy the Lipschitz and monotone conditions 
required in [TT], the present study can not be covered there. 

To state our main result, we introduce the intrinsic norm induced by the diffusion part 
of the solution. For any x G H, let 

||x||q := inf {||z||h : z G B.,Q*z = x], 

where Q* is the adjoint operator of Q, and we take \\x\\q = oo if the set in the right 
hand side is empty. Moreover, let || • || and || ■ \\hs denote the operator norm and the 
Hilbert-Schmidt norm respectively for bounded linear operators on HI. 

Theorem 1.1. Assume that z/ 3 > 4ir\\ A~ 1/2 Q\\ 2 . Then for any f G ^&(H) with f > I, 



;i.5) 



P t log/(z) < log P t f{y) 



MQW 



HS 



\x - y\ 



1 - eM-%\\Q\\ 2 H S t] 



cxp 



47T 

— I 
V 1 



Ml 2 v |M| 2 ) 



holds for t > and x, y G HI. 



Before introducing consequences of Theorem 11.11 let us recall that the invariant prob- 
ability measure of Pt exists, and any invariant probability measure fi satisfies fi(V) = 1. 
These follow immediately since V is compactly embedded in HI and due to the Ito formula 
one has 



E 



\X?\\ 2 H + 2" f E\\X° s \\ 2 v ds < \\Q\\ 2 HS t, t>0. 
Jo 
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Next, for any two probability measures fii,fi2 on H, let W c (/xi,/X2) be the transportation- 
cost between them with cost function 



That is, 



(x,y) c(x,y) := \\x - y\\ 2 exp ^(||a;|| 2 V ||y|| 2 ) 



inf / c(x,y)n(dx,dy), 



where ^(/ii,/i 2 ) is the set of all couplings of fj,i and /x 2 - Finally, let 

By(x, r) = {z E V : \\z — x\\ y < r}, x E V, r > 0. 
Corollary 1.2. Assume that u z > A-k\\ A~ l/2 Q\\ 2 . 

(1) For any t > 0, P t is intrinsic strong Feller, i.e. 

lim P t f(y) = P t f(x), xEMjE^ b (M). 
If-»IIq->-o 

(2) Let fi be an invariant probability measure of Pt and let P* be the adjoint operator 
of P t w.r.t. fi. Then the entropy-cost inequality 



M(p t 7)io g p t 7)< 



MQW 



HS 



■W c (ffi,fi), />0,//(/) 



1 - ex P [-%\\Q\\% s t} 
holds for all t > 0. 

(3) Let || • || q < C|| ■ || v hold for some constant C > 0. Then 

(1.6) P(Xf E B v {x,r)) > 0, x, y E V, t, r > 0. 

Consequently, Pt has a unique invariant probability measure [i, which is fully sup- 
ported on V, i.e. fi(V) = 1 and fi(G) > for any non-empty open set G C V. 
Furthermore, [i is strong mixing, i.e. for any f E ^(H), 

lim P t f(x) = //(/), VxEV. 

t— >oo 

(4) Under the same assumption as in (3), P t has a transition density p t (x,y) w.r.t. fi 
on V such that the entropy inequalities 

I 1 - 7 ) p t {x,z)\og— -/l dz < 4^11^112 .1 

7v M2/>z) 1 -exp[-f ||Q||^ s t] 

and 

(1.8) / p t (x,y) log p t (x,y)/i(dy) < -log / exp 
/ioW /or allt>0 and x,y E V . 



2n\\Q\\ 2 HS c(x,y) 
I - e W [-%\\Q\\l s t] 



fi(dy) 



1 



To prove the above results, we present in Section 2 some preparations including a brief 
proof of (11. ip . a convergence theorem for the Galerkin approximation of (jl.2p . and the 
continuity of the solution in V. Finally, complete proofs of Theorem 11.11 and Corollary 
11.21 are addressed in Section 3. 

2 Some preparations 

Obviously, (11. ip is equivalent to the following result. 

Proposition 2.1. ||-B(x, y)\\ 2 < 7r||x||y||y||y holds for any x,y G V . 

Proof. We shall take the continuous version for an element in V. Since J T x(8)d6 = 0, 
there exists 9 G T such that x(9 ) = 0. For any 9 G T, let 7 : [0, d(9 , 9)} — > T be the 
minimal geodesic from 9q to 9, where d(9o,9)(< 7r) is the Riemannian distance between 
these two points. By the Schwartz inequality we have 



Remark. From the proof we see that (II. ip is a property in one-dimension, since for 
d > 2 there is no any constant C G (0, 00) such that 



holds. The invalidity of (II. ip in high dimensions is the main reason why we only consider 
here the stochastic Burgers equation rather than the stochastic Navier-Stokes equation. 

Next, due to the fact that to prove the log-Harnack inequality we have to apply the 
Ito formula for a reasonable class of reference functions which is, however, not available 
in infinite-dimensions, we need to make use of the finite-dimensional approximations. To 
introduce the Galerkin approximation of (11. 21) . let us formulate HI by using the standard 
ONB {efc : k G Z} for the complex Hilbert space L 2 (T — > C; d#), where 




Therefore, 




□ 




e k {6) : 




1 



9 eT. 



Obviously, Ae^ = — k 2 



efc holds for all fceZ, and an element 
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:= ^x fc e fc , x k G C 



x 

fcez 



belongs to EI if and only if xq = 0, Xk = X-k for all k G Z := Z\ {0}, and Xlfcgi I ^fc 1 2 < °°- 
Therefore, 



H = | ^2x k e k : x fc = x-k, ^2 l Xfc ! 2 < °°|- 



For any m G N, let 



H m = {x 6 i : (x, e fc ) = for \k\ > m), 

which is a finite-dimensional Euclidean space. Let 7r m : HI — > H m be the orthogonal 
projection. Let B m = ir m B and Q m = 7T m Q. Consider the following stochastic differential 
equation on H m : 

(2.1) dXj: m) = -{uAX^ + B m {x[ m) )}dt + Q rn dW t . 

Since coefficients in this equation are smooth and 

d||X, (m) || 2 < 2\\Q m \\ 2 HS dt + 2(xi m \Q m dW t ), 

we conclude that starting from any x G H m this equation has a unique strong solution 
X™' x which is non-explosive. Let 

P t {m) f(x) = Ef(X™' x ), t > 0, x G H m , / G ^ 6 (H m ). 
In the spirit of [H Theorem 5.7], the next result implies 



(2.2) P t f{x) = lim P t W /W, x G H, / G C 6 (H) 

for {x m G H m } m >i such that x m — > x in HI. 

Proposition 2.2. For any {x m G H m } m >i such that \\x — x m \\H ~^ 0, we have \\Xf 
j^-m,x m || _v. q ^ n probability as m — >• oo. Consequently, (\2.2\) holds. 

Proof. Simply denote X t (m) = X f m,a:m and X t = Xf . It is easy to see that 



(2.3) E / (||X s ||^+||X s (m)|| 2 y )d S <C(l + t) 

Jo 

holds for some constant C > 0. By the Ito formula we have 
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(2.4) 



2 / {v\\X a - X s (m)\\ 2 v + (B(X S ) - B(X a {m)),X s - X s (m))}ds + ^(m), 
Jo 



where 

r) t {m) := \\Q - Q m \\ 2 HS t + \\x - x m \\ 2 + 2 sup 

re[o,t] 

which goes to as m — > oo. Since by (II. ip 



[ r (X s -X s (m),(Q-Q m )dW s ) 
Jo 



\{B(x) - B{y),x-y) \ = \(B(x, x - y) + B(x - y, y), x - y)\ 
< 7r||a;-y||(||a;||v + ||j/||v)||a; - y\\v, 



it follows from fT2^) that 



7T 



\\X r - X r (m)\\ 2 < - / \\X s -X s (m)\\ 2 (\\X s \\ 2 v +\\X s (m)\\ 2 v )ds + Vt (m), re[0,t]. 



Therefore, 



\\X t - X t {m)\\ 2 < ^(m)exp 



7T 



V 



(\\X S \\ 2 V + \\X s (m)\\ 2 v )ds 



Combining this with (12. 3 p we obtain that for any N > 0, 



P(||X f -X,(m)|| 2 >^(m)e^) <P / (\\X S \\ 2 V + \\X s (m)\\ 2 v )ds > N )< 



C(l + t) 
N 

which goes to as N — > oo. Since r} t {m) — > as m — > oo, this implies that \\X t —X t (m) \\ — > 
in probability as m — » oo. □ 

Finally, we have the following result for the continuity of the solution in V. 

Proposition 2.3. For any x G V , Xf is a continuous process in V . 

Proof. For fixed x G V and T > 0, we introduce the map 

Y:C([0,T];V)^C([0,T];V), 
such that for any u G C([0, T]; V), {Y t (u)}te[o,T] solves the deterministic equation 



(2.5) Y t (u) = -{vAY t (u) + B(Y t (u) + u t )}, Y (u) = x. 
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Then Y{u) G C([0,T];V), see e.g. [13j Theorem 3.2] (the theorem is for 2D Navier-Stokes 
equation, and the proof works also for our case). 
Next, let 



r u{t - s)A QdW s . 

Since Q is Hilbert-Schmidt on H, Z t is a continuous process on V (see e.g. j5j Theorem 
5.9]). Therefore, Xf = Y t (Z) + Z t is also continuous in V. □ 



3 Proofs of Theorem 11.11 and Corollary 11.2 



According to the key step to prove the log-Harnack inequality for P^ is the L 2 - 
gradient estimate 



\Q m DPl m) f\\x) < (Pr } \Q m Df\ 2 )(x)C(t,x), f G Cl(M m ) 

for some continuous function C on (0, oo) x H m , where D is the gradient operator on M ri 
i.e. for any / G C 1 (HI m ), the element Df{x) G EI m is determined by 

(Df(x), h) = D h f(x) := hm f( x + £h )~f( x ) h e Hm . 

e->0 e 

To derive the desired gradient estimate, we need the following lemma. 
Lemma 3.1. For any x G M m and t > 0, 



Eexp 



\X, 



m.x II 2 



2||A-V2Q m ||2\JI * 11 

Proof. By the Ito formula, we have 







v J HX^II^ds^ 


< exp 







v{\M 2 + \\Q m \\ 2 H S t) 

2||A-V2g m ||2 



(3.1) 
Let 



d\\X, 



m,xn2 
t 



2v\\xr' x \\ 2 v dt = ||Q m ||^dt + 2(Xr x , Q m dWt). 



T n = inf {t > : \\X r t n ' x \\ >n}, n G N. 



We have r n — > oo as n — > oo. Let 



M 



t/\T n 

(X^ x ,Q m dW s ). 

o 



(n) 



Then for any A > 



t ^ exp [2AM t (n) - 2A 2 (M (n) )i] 



S 



is a martingale. Therefore, it follows from ( 13. ip that 



Eexp 



\\\X^ n f + 2u\ / \\X^\\l&s - 2A 2 / \\Q; n x^\\ 2 ds 
Jo Jo 



(3.2) 



< Eexp 



A(IM| 2 + t\\Q m \\ 2 HS ) + 2AM t (n) - 2\ 2 (M(% 



exp[A(||x|| 2 + t||Q m ||^)]. 



Noting that 

\\Q* m x\\ = WQ^A-^A^xW < \\Q* m A~ l ' 2 \\ ■ \\x\\ v = ||>T 1/2 QJ| • \\x\\ v , x e 
by letting n j" oo in ( 13. 2\\ and taking 

A 

we complete the proof. 



v 



2||A-V2Q r 



Lemma 3.2. Let u 3 > 47rp- 1 / 2 Q m || 2 . T/jen for any f G C fe 1 (H m ), 



\\Q m DP t im) f\\\x) < (P t {m) \\Q m Df\\ 2 )(x)exp 
holds for all t > and x G H m . 

Proof. Let /i G EI m . According to e.g. [U Section 5.4], 

-y-m,x+£h -y-m,x 

D h X™' x : = lim ^ ' . 

exists and solves the ordinary differential equation 



2vr 



M 2 + t\\Q m \\ 2 HS ) 



t > 



dt 



D h Xr = -{vAD h X?>* + B m (xr, o h xr)}, 



where B m (x, y) := B(x, y) + B(y, x) for x, y G H m . By (II. ip . this implies that 



^\\D h X?' x \% = -2v\\AD h X?> x \\ 2 - 2(AD h X?>*,B m (X?' x ,D h X?' x )) 

1 ~ ?ir 

^ II D I vm,x n \rm,x\\\2 ^ 11 \rm,x\\2 \\ n \rm,x\\2 



Therefore, 



\\D h X, 



r\\ 2 v <\\h\\ 2 v e W 



v / ii^rii 2 ^ 



Since z/ 3 > 4vr|| A~ 1/2 Q m \\ 2 implies that 



v 



> 



2n 



2\\A-WQ m \\* - v ' 
by Lemma 13.11 and using the Jensen inequality we arrive at 



(3.3) 



E\\D h X r t 



m,x | 2 



< 



v-exp 



2tt 



V (IMI 2 + *IIQJIL) 



Consequently, by the dominated convergence theorem we obtain 

(3.4) D h Pi m) f(x) = E(Df(Xr),D h X?> x ), f e ^(HJ^ G H m ,t > 0. 
On the other hand, we have 



\\Q m DP t im) f\\ 2 = sup {Q m DPr'f,hf = sup (DPj: m> f,Q* m h) 



(m) 



>( m ) * n* a\2 



(3.5) 



sup l/Vf^l 2 



<i 



where 

||/ i || Qm :=inf{||z||:^GH m ,Q^ = / i } 

and ||/i||<2 m = oo if the set on the right hand side is empty. Now, for any h G H m with 
II^-Hq™ < 1? let {z n } n >i C H be such that Q* m z n = h and ||z n || < 1 + -. By (13.41) we have 



\D h P™f\\x) = {E(Df(XD,D h Xr)) = {E(Q m Df(Xr),D Zn XD)' 
< {E\\Q m Df(XD\\ 2 )nD Zn Xr\\ 2 = {E\\Q m Df{Xr x )f)E\\D A -^ z X, 



m,xi\2 
t \\V 



Combining this with (13. 3p and (13.51) and letting n | oo, we complete the proof. 



□ 



According to the L 2 -gradient estimate in Lemma 13. 2\ we are able to prove the log- 
Harnack inequality for P^ as in [TT] . 

Proposition 3.3. Let v z > An\\A~ 1/2 Q m \\ 2 . For any f G ^ b (M m ) with f > 1, 



Pt (m) log f(x)< log P t (m) f(y) 
holds for allt>0 and x, y G H m . 



^IIQ m ||^ll^-y|IL ex p[^(ll^ll 2v lbll 2 )] 

l-exp[-f|||Q m ||^] 
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Proof. It suffices to prove for — y\\Q m < oo. Let {z n } C H m be such that Q* m z n = x — y 
and \\z n \\ 2 < \\x-y\\ 2 Qm + i- Let 7 G C^QO^R) such that 7(0) = 0,j(t) = 1. Finally, let 
x s = (x — y)'y(s) + y, s G [0,t]. Then, by Lemma [3.21 we have (see [HI Proof of Theorem 
2.1] for explanation of the second equality) 



P t (m) log/(x) - log P t {m) f(y) = f ^{Pi m) lo g p£J/}(*.)d* 
= f { ~ l -Pi m) \\Q m D\ogP^f\\ 2 + j'(s)(x - y,DP^logP t t]f}}(x s )ds 



< / P„ (r 



12 /•* 



< 



-pg^iogpS/ii 2 

| 7 '( s )| 2 e 4 ^(ll^ll 2 +IIQ-llHs s )/^ds. 



Since ||x s || < ||x|| V \\y\\, by taking 



, > l-exphg||Q,„||j, sS ] 
7W= l-exp[-&||0 m W Se|M1 



we obtain 



A M log/(x)-logPfV(y) + 



l-ex P [-^||g||^] 
This completes the proof by letting n — > 00. 



exp 



r 5(W 2 v 



□ 



Proof of Theorem \l.l[ It suffices to prove for / G C&(H) with / > 1. Let ||x — y||Q < 00. 
For any e > 0, let z G H such that = x — y and ||z|| 2 < ||x — + e. For any m G N, 
we have = vr m x - n m y. Let x m = 7r m x, z m = ir m z and ?/ m = ir m y + Q* m (z - 7r m 2;). 
Then z m G H m and Q* m z m = x m - y m , so that 



2/'m||r> — ||^m|| — \\% 



+ £. 



Moreover, it is easy to see that x m — > x and y m — > y hold in HI. Combining these with 
Proposition 13.31 and ( I2.2p . and letting m — > 00 and £ — >• 0, we complete the proof. □ 



Proof of Corollary The intrinsic strong Feller property follows from [T6j Proposition 
2.3], while the entropy-cost inequality in (2) follows from the proof of Corollary 1.2 in 
pTj . So, it remains to prove (3) and (4). 

(a) Applying ( II. 5p to / := 1 + m\B( x ,r) f° r m > 1, we obtain 



(3.6) P t log(l + ml Bv ( x ,r)){x) < log {l + rnP t l Bv (x,r){y)} + a(t)c(x,y), t > 0,m > 1 
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for some function a : (0, oo) — > (0, oo) independent of x,y and m. By Proposition 12.31 we 
have ||X"f — x\\v — > as t — > 0. Then there exists to > depending only on x such that 

F{\\X?-x\\ v <r)>~, te[0M- 
Thus, if P(Xf G B y (x,r)) = for some t G (0,t ], then fl£E) yields that 

-log(l + m) < P t log(l + ml B y[x,r))(x) < a(t)c(x,y), m > 1, 

which is impossible since || • \\q < C\\x — y\\y implies that c(x,y) < oo for x, y G V. 
Therefore, 

F(Xf G S v (x, r)) > 0, t G (0, t ], 3 G V. 
Combining this with the Markov property we see that for t > t , 

F(X? eB(x,r))= [ F(X* o G B(x,r))P t -t (y,dz) > 0, 
Jv 

where P t -t (y, dz) is the distribution of Xf_ tQ . Therefore, ( II. 6p holds. 

(b) Since (1) and || • ||g < C\\ ■ ||y imply the strong Feller property of P t on V, by the 
Doob Theorem, see e.g. [HI Theorem 4.2.1], P t has a unique invariant measure fi on V. 
The full support property of /i, together with the strong Feller of Pt, implies the existence 
of transition density p t (x,y). Finally, due to [161 Proposition 2.4(2)], ( II .7p is equivalent 
to the log-Harnack inequality (II. 5p . while ( II. 8p follows from (I1.5P according to the proof 
of PH Corollary 1.2]. □ 
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